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The semiatom is a basic concept in the non-additive measure theory, or the fuzzy
measure theory, and has been used for applications of the theory (T. Murofushi
et al., 1997, Internat. J. Uncertain. Fuzziness Knowledge-Based Systems 5, 563–585;
and T. Murofushi and M. Sugeno, 2000, ibid. 8, 385–415). This paper shows several
properties of semiatoms on set operations: union, intersection, difference, symmet-
ric difference, countable union, and countable intersection. Characteristic conse-
quences are as follows: if S and T are semiatoms, and if S ∩ T is non-null, then
S ∪ T and S ∩ T are semiatoms; moreover, if S\T and T\S are non-null, then S\T ,
T\S, ST also are semiatoms.  2001 Academic Press
Key Words: non-additive measure; fuzzy measure; monotone set function;
semiatom.
1. INTRODUCTION
The semiatom is one of the most important concepts in non-additive
measure theory. In [3] this concept is used for the hierarchical decomposition
theorem of the Choquet integral. A simpliﬁed version of the theorem is
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as follows:
Hierarchical Decomposition Theorem. Let X be a measurable
space, let S be a measurable nonempty proper subset of X, let xS be a point
not belonging to X\S, and let
XS = X\S ∪ xS	
XS = A\S ∪ B 
 A ∈  B =  or xS		
 ∩ S = A ∩ S 
 A ∈ 	
For a measurable function f on X and a non-additive measure ν on  ∩ S, a
measurable function fν on XS is deﬁned by
fνx =
{
f x if x ∈ X\S
C ∫Sf 
Sdν if x = xS
where f 
 S is the restriction of f to S and C ∫S dν is the Choquet integral
with respect to ν over S. Then, for every non-additive measure µ on  , there
exist a non-additive measure ν on  ∩ S and a non-additive measure λ on
XS such that for every measurable function f on 
C
∫
X
f dµ = C
∫
XS
fν dλ
if and only if S is a µ-semiatom or SX\S	 is a µ-interadditive partition.
The concept of semiatom appears also in another type of hierarchical
decomposition of the Choquet integral [5].
Furthermore, it is used for the following theorem [6], which is an applica-
tion of the non-additive measure theory to the multiattribute utility theory.
Preferential Independence Theorem for Choquet IntegralModels.
Let a multiattributive preferential relation  on X = ∏ni=1Xi have a value
function v X →  represented by the Choquet integral as
vx = C
∫
I
vixidµi
where x = x1 x2     xn, I = 1 2     n	, vi Xi →  for i ∈ I, µ is a
non-additive measure on the power set 2I , and the integrand is the function
i → vixi. Assume that the intersection
⋂n
i=1 viXi of the ranges of vi’s is
not nowhere dense. Then, for every nonempty proper subset S of I, the space
of attributes
∏
i∈S Xi is preferentially independent of
∏
i ∈S Xi if and only if S is
a positive semiatom or S I\S	 is an interadditive partition.
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From the viewpoint of application, the two theorems above are very
important and so is the concept of semiatom. In [4] the authors showed
that the union of two semiatoms is a semiatom if their intersection is not
null, and they studied a relation between a semiatom and an interadditive
partition. So far, however, other properties of semiatoms have not been
investigated. This paper shows properties of semiatoms on set operations:
union, intersection, difference, symmetric difference, countable union, and
countable intersection.
Throughout the paper, X is assumed to be a measurable space. For
every  ⊂ 2X and every B ⊂ X, we write
 ∩ B = A ∩ B 
 A ∈ 	 and \B = A\B 
 A ∈ 	
2. NON-ADDITIVE MEASURES AND NULL SETS
Deﬁnition 2.1. A non-additive measure, or fuzzy measure, on  is a set
function µ  → 0∞ satisfying the following conditions:
(f1) µ = 0
(f2) µA ≤ µB whenever A ⊂ B and A B ∈  .
If µX <∞, a non-additive measure µ is said to be ﬁnite. If µ is a ﬁnite
non-additive measure on  , the set function µ deﬁned by
µ¯A = µX − µAc A ∈ 
is called the conjugate of µ. If µA ∪ B = µA + µB whenever A ∩
B =  and A, B ∈  , a non-additive measure µ is said to be additive.
If µlimn→∞An = limn→∞ µAn for every increasing (resp. decreasing)
sequence An	 of measurable sets, µ is said to be continuous from below
(resp. above).
Note that the continuity from above is stronger than the conditional
continuity from above; µ is said to be conditionally continuous from above
if µlimn→∞An = limn→∞ µAn for every decreasing sequence An	 of
measurable sets such that µAn < ∞ for some n. If µ is a non-additive
measure, and if f  0∞ → 0∞ is a strictly increasing function which
vanishes at 0, then f ◦ µ is a non-additive measure. Furthermore, if µ is
continuous from below (resp. above), and if f is left (resp. right) continu-
ous, then f ◦ µ is continuous from below (resp. above). By deﬁnition the
conjugate µ¯ of a non-additive measure µ is also a non-additive measure,
and obviously
=
µ = µ. The conjugate µ¯ is continuous from below if and only
if µ is continuous from above. µ¯ is sometimes, especially when µX = 1,
called the dual of µ.
Throughout the paper, we assume that µ is a non-additive measure on
on  .
640 murofushi and fujimoto
Deﬁnition 2.2 [1, 2]. A null, or µ-null, set is a measurable set N such
that for every A ∈ 
µA ∪N = µA
Almost all properties of null sets in the following two propositions
are shown in [2], and the others are trivial. Statement (iii) of the ﬁrst
proposition implies that the deﬁnition of null set above is a natural
extension of that in the ordinary measure theory.
Proposition 2.1. (i) The empty set is null.
(ii) If N is a null set, then µN = 0.
(iii) Let µ be additive. Then a measurable set N is null if and only if
µN = 0.
(iv) A ﬁnite union of null sets is null.
(v) If µ is continuous from below or above, then a countable union of
null sets is null.
Proposition 2.2. Let N be a measurable set. The following statements are
equivalent to each other. (The ﬁniteness of µ is assumed in (vii).)
(i) N is a µ-null set.
(ii) µE ∪N = µE for all E ∈ \N .
(iii) µA\N = µA for all A ∈  .
(iv) µAN = µA for all A ∈  .
(v) Every measurable subset of N is µ-null.
(vi) N is a f ◦ µ-null set for every strictly increasing function
f  0 µX → 0∞ vanishing at 0.
(vii) N is a µ¯-null set.
3. SEMIATOMS
Deﬁnition 3.1 [3]. Measurable subsets A and A′ of a measurable set
B are said to be equivalent, or µ-equivalent, with respect to the outside of B,
denoted by A B˜ A
′, or A B˜ A
′ µ, if for every E ∈ \B
µE ∪A = µE ∪A′
Obviously B˜ is an equivalence relation on  ∩ B. Proposition 2.2(ii)
implies that a measurable set N is null if and only if N N˜ .
Lemma 3.1. Let A, A′, B, B′, C, D be measurable sets.
(i) [3] Let A ⊂ B ⊂ C ⊂ D. If A D˜ C, then A D˜ B D˜ C.
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(ii) Let B, B′ ⊂ C, B ∩ B′ = , and A, A′ ⊂ B. If A B˜ A′, then
A ∪ B′ C˜ A′ ∪ B′.
(iii) Let f  0 µX → 0∞ be a strictly increasing function which
vanishes at 0, and A, A′ ⊂ B. Then A B˜ A′ µ if and only if A B˜ A′ f ◦
µ.
(iv) Let µ be ﬁnite and A, A′ ⊂ B. Then A B˜ A′ µ if and only ifB\A B˜ B\A′ µ¯.
(v) Let A ⊂ B ⊂ C. Then A C˜ C if and only if B C˜ C and A B˜ B.
(vi) Let A ⊂ B ⊂ C. Then A∪ C\B C˜  if and only if C\B C˜ 
and A B˜ .
Proof. (i) By the monotonicity of µ.
(ii), (iii) By deﬁnition.
(iv)
A B˜ A
′ µ
⇔ ∀E ∈ \B µE ∪A = µE ∪A′
⇔ ∀E ∈ \B µX − µ¯Ec ∩Ac = µX − µ¯Ec ∩A′c
⇔ ∀E ∈ \B µ¯Ec ∩ Bc ∪ B\A = µ¯Ec ∩ Bc ∪ B\A′
⇔ ∀F ∈ \B µ¯F ∪ B\A = µ¯F ∪ B\A′
⇔ B\A B˜ B\A′µ¯
(v) Assume that A C˜ C. Then, since A ⊂ B ⊂ C, it follows from (i)
that B C˜ C. For every E ∈ \B, sinceA ⊂ E ∩C ∪A ⊂ E ∩C ∪B ⊂ C
and A C˜ C, it follows from (i) that
E ∩ C ∪A C˜ E ∩ C ∪ B
and hence that
µE ∪A = µE\C ∪ E ∩ C ∪A
= µE\C ∪ E ∩ C ∪ B
= µE ∪ B
This implies that A B˜ B. On the other hand, assume that B C˜ C and
A B˜ B. For every E ∈ \C, we have
µE ∪A = µE ∪ B by A B˜ B
= µE ∪ C by B C˜ C
This implies that A C˜ C.
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(vi) By (iii) we can assume the ﬁniteness of µ; that is, the conjugate
µ¯ of µ can be deﬁned. For example, transform µ by the function f x =
x/1+ x. In order to obtain the consequence, replace A in (v) with B\A
and then apply (iv).
A condition P concerning a non-additive measure is said to be ordinal
when, for every ﬁnite non-additive measure µ and every strictly increasing,
continuous function f  0 µX → 0∞ vanishing at 0, µ satisﬁes P if
and only if f ◦ µ satisﬁes P . Let P and Q be ordinal conditions. We say P
is the (ordinally) dual of Q when, for every ﬁnite non-additive measure µ,
µ satisﬁes P if and only if µ¯ satisﬁes Q. For example, the continuity from
above is the dual of the continuity from below, and (iv) of the preceding
lemma implies that B\A B˜ B\A′ is the dual of A B˜ A′. Generally,
the duals of concepts, conditions, and propositions consisting of ordinal
conditions can be obtained by replacing every ordinal condition with its
dual. For example, by Proposition 2.2(vii) the concept of null set is self-
dual. Concerning the ordinal duality, the Duality Principle holds; that is, if
a universal proposition consisting of ordinal conditions is true, then its dual
also is true. Statement (vi) of the preceding lemma is the dual of (v), and
the dual of the proof of (v) is a proof of (vi).
The following lemma is trivial; note that (i) is the dual of (ii).
Lemma 3.2. Let A1A2     B1 B2    be measurable subsets of a mea-
surable set C.
(i) If µ is continuous from below, if An ↑ A and Bn ↑ B, and if
An C˜ Bn for every n, then A C˜ B.
(ii) If µ is continuous from above, if An ↓ A and Bn ↓ B, and if
An C˜ Bn for every n, then A C˜ B.
Remark 3.1. There is another duality concerning ﬁnite non-additive
measures. Let P and Q be conditions concerning a ﬁnite non-additive
measure. We say P is the cardinally dual of Q when µ satisﬁes P if
and only if µ¯ satisﬁes Q. For example, the supermodularity µA ∪ B +
µA ∩ B ≥ µA + µB is the cardinally dual of the submodularity
µA ∪ B + µA ∩ B ≤ µA + µB; note that they are not ordinal
conditions.
Deﬁnition 3.2 [1]. An atom, or µ-atom, is a non-null measurable set
A such that, for every B ∈  ∩A, either B or A\B is a null set.
Deﬁnition 3.3 [3]. A semiatom, or µ-semiatom, is a non-null measur-
able set S such that, for every A ∈  ∩ S, either A S˜  or A S˜ S.
By deﬁnition, every atom is a semiatom. The following example shows,
however, that a semiatom is not always an atom.
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Example 3.1. Let X = 1 2 3 4	.
(i) Let µ be the non-additive measure on 2X deﬁned by
µA =
{
1 if 1 2	 ⊂ A 3 ∈ A or 4 ∈ A
0 if A =  1	 or 2	
Then the semiatoms are 1	, 2	, 3	, 4	, 1 2	, 3 4	, 1 2 3	, 1 2 4	,
and X, while the atoms are 1	, 2	, 3	, and 4	.
(ii) Let ν be the non-additive measure on 2X deﬁned by
νA =
{
1 if 1 2 3	 ⊂ A 2 4	 ⊂ A or 3 4	 ⊂ A
0 otherwise
Then the semiatoms are 1	, 2	, 3	, 4	, and X, while the atoms are
1	, 2	, 3	, and 4	.
The following proposition implies that in a semiﬁnite measure space
every semiatom is an atom; an ordinary measure µ is said to be semiﬁnite
if, for every measurable set A for which µA > 0, there is a measurable
subset B of A such that 0 < µB <∞.
Proposition 3.1. Let µ be additive. If S is a semiatom, and if µS <∞,
then S is an atom.
Proof. LetA be a measurable subset of a semiatom S and let µS <∞.
If A S˜ , then, since µA = µA ∪  = µ ∪  = µ = 0 for ∈ \S, it follows from Proposition 2.1(iii) that A is a null set. On the
other hand, if A S˜ S, then, since µA = µA ∪  = µS ∪  = µS,
it follows from the additivity of µ that
µS\A = µS − µA = 0
and hence that S\A is a null set.
The following example shows that the assumption µS < ∞ cannot be
removed from the proposition above.
Example 3.2 [4]. Let X = 1 2	 and let µ be the non-additive measure
on 2X deﬁned by
µ = 0 and µ1	 = µ2	 = µX = ∞
Then µ is additive, and X is a semiatom and not an atom.
Statement (i) of the following lemma, which is a direct consequence of
Lemma 3.1(iv), implies that the concept of semiatom is self-dual; obviously
so is the concept of atom.
Lemma 3.3. (i) Let µ be ﬁnite. Then S ∈  is a µ-semiatom if and only
if it is a µ¯-semiatom.
(ii) [4] Let S and T be semiatoms, and let S ∩ T be non-null. If S ∩
T T˜ , then S\T S˜ .
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4. UNION
In [4] the authors proved the following theorem; note that there may
be cases where two distinct semiatoms have a non-null intersection, for
instance, 1 2 3	 and 1 2 4	 in Example 3.1(i).
Theorem 4.1 [4]. Let S and T be semiatoms. If S ∩ T is not null, then
S ∪ T is a semiatom. Moreover, for every A ∈  ∩ S ∪ T , the following hold.
(i) A S˜∪T S ∪ T ⇐⇒ (a) or (b),
where
(a) A ∩ S S˜ S and A ∪ S ∩ T T˜ T ,
(b) A ∩ T T˜ T and A ∪ T  ∩ S S˜ S.
(ii) A S˜∪T  ⇐⇒ (c), (d), or (e),
where
(c) A ∩ S S˜  and A ∩ T T˜ ,
(d) A ∪ S ∩ T T˜ ,
(e) A ∪ T  ∩ S S˜ .
The following is a direct consequence of the theorem above.
Corollary 4.1. Let S1 S2     Sn be semiatoms. If
⋃m−1
i=1 Si ∩ Sm is not
null for m = 2 3     n, then ⋃ni=1 Si is a semiatom. Especially, if ⋂ni=1 Si is
not null, then
⋃n
i=1 Si is a semiatom.
The corollary below follows immediately from Theorem 4.1(i) and
Lemma 3.3(ii).
Corollary 4.2. Let S and T be semiatoms, and let S ∩ T be a non-null
set.
(i) S S˜∪T S ∪ T ⇔ S ∩ T T˜ T .
(ii) S ∩ T S˜∪T S ∪ T ⇔ S ∩ T S˜ S and S ∩ T T˜ T .
(iii) S\T S˜∪T S ∪ T ⇔ S\T S˜ S.
(iv) ST S˜∪T S ∪ T ⇔ S\T S˜ S or T\S T˜ T .
Example 3.1 shows that there are cases where a disjoint union of semi-
atoms becomes a semiatom. In contrast to Theorem 4.1, the following
proposition deals with the general case where semiatoms do not necessarily
intersect.
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Proposition 4.1. Let S1 S2     Sn be semiatoms, and let S =
⋃n
i=1 Si.
Then for every A ∈  ∩ S
A S˜
⋃Si 
 A ∩ Si S˜i Si	 S˜ S\⋃Si 
 A ∩ Si S˜i 	
Therefore,
S is a semiatom
⇔⋃
i∈I
Si S˜  or
⋃
i∈I
Si S˜ S ∀ I ⊂ 1 2     n	
⇔
(
S\⋃
i∈I
Si
)
S˜  or
(
S\⋃
i∈I
Si
)
S˜ S ∀ I ⊂ 1 2     n	
Proof. Let A be a measurable subset of S, J = i 
 A ∩ Si S˜i Si	, and
K = i 
 A ∩ Si S˜i 	. We can assume that J = 1 2    m	, where 0 ≤
m ≤ n. For j = 1 2    m, since A∩ Sj ⊂ A∪
⋃j−1
i=1 Si ∩ Sj ⊂ Sj and A∩
Sj S˜j Sj , it follows from Lemma 3.1(i) that
(
A ∪⋃j−1i=1 Si) ∩ Sj S˜j Sj , hence
from Lemma 3.1(ii) that
(
A ∪⋃j−1i=1 Si) S˜ (A ∪⋃ji=1 Si), and therefore that
A S˜
(
A ∪⋃
i∈J
Si
)
 (1)
Similarly, it follows from Lemma 3.1(ii) that
A S˜
(
A\ ⋃
i∈K
Si
)
 (2)
Since A\⋃i∈K Si ⊂ S\⋃i∈K Si ⊂ ⋃i∈J Si ⊂ A ∪⋃i∈J Si, an application
of Lemma 3.1(i) to (1) and (2) yields thatA S˜ S\
⋃
i∈K Si S˜
⋃
i∈J Si.
5. INTERSECTION
In Example 3.1(i), a non-null intersection of semiatoms is a semiatom;
1 2 3	 ∩ 1 2 4	 = 1 2	. The following theorem shows that it is always
true.
Theorem 5.1. If S and T are semiatoms, and if S ∩ T is not null, then
S ∩ T is a semiatom. Moreover, for every A ∈  ∩ S ∩ T , the following hold.
(i) If S ∩ T S˜ S, then A S˜∩T S ∩ T ⇔ A S˜ S.
(ii) If T\S T˜ , then A S˜∩T S ∩ T ⇔ T\S ∪A T˜ T .
Note that, by Lemma 3.3(ii), if S ∩ T S˜ , then T\S T˜ .
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Proof. Let A ∈  ∩ S ∩ T . Since
A S˜ S ⇒ A S˜∩T S ∩ T (by Lemma 3.1(v)),
T\S ∪A T˜  ⇒ A S˜∩T  (by Lemma 3.1(vi)),
S ∩ T S˜  ⇒ T\S T˜  (by Lemma 3.3(ii)),
it is sufﬁcient to prove the following:
(a) If S ∩ T S˜ S and if A S˜ , then A S˜∩T .
(b) If T\S T˜  and if T\S ∪A T˜ T , then A S˜∩T S ∩ T .
(a) Let E ∈ \S ∩ T . First consider the case where E ∩ S ∪
A S˜ . Since  ⊂ E ∩ S ⊂ E ∩ S ∪ A, it follows from Lemma 3.1(i)
that
E ∩ S ∪A S˜ E ∩ S (3)
and hence that
µE ∪A=µE\S ∪ E ∩ S ∪A
=µE\S ∪ E ∩ S by (3)
=µE
It is similar in the case where E ∩ T  ∪A T˜ . Next consider the case
where
E ∩ S ∪A S˜ S (4)
E ∩ T  ∪A T˜ T (5)
It follows from the assumption S ∩ T S˜ S and (4) that
E ∩ S ∪A S˜ S ∩ T (6)
Since E ∩T  ∪A ⊂ E ∩T  ∪ S ∩T  ⊂ T , an application of Lemma 3.1(i)
to (5) yields that
E ∩ T  ∪ S ∩ T  T˜ E ∩ T  ∪A (7)
Then
µE ≤µE ∪A
=µE\S ∪ E ∩ S ∪A
=µE\S ∪ S ∩ T  by (6)
=µE\S ∪ T  ∪ E ∩ T  ∪ S ∩ T 
=µE\S ∪ T  ∪ E ∩ T  ∪A by (7)
=µE\S ∪A = µE\S by A S˜ 
≤µE
Therefore A S˜∩T .
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(b) Apply to (a) the symmetry of S and T , that of A and S ∩ T \A,
and the duality principle.
The following is a direct consequence of the theorem above.
Corollary 5.1. Let S1 S2     Sn be semiatoms. If
⋂n
i=1 Si is not null,
then it is a semiatom.
6. DIFFERENCE
Example 3.1 shows that there are cases where the difference of semi-
atoms is also a semiatom.
Theorem 6.1. Let S and T be semiatoms.
(i) If S\T S˜ S and S ∩ T S˜ S, then S\T is a semiatom and for every
A ∈  ∩ S\T 
A S˜\T S\T ⇔ A S˜ S
(ii) If S\T S˜  and S ∩ T S˜ , then S\T is a semiatom and for every
A ∈  ∩ S\T 
A S˜\T S\T ⇔ A ∪ S ∩ T  S˜ S
(iii) If S\T S˜  and S ∩ T S˜ S, then S\T is a null set.
(iv) Let S\T S˜ S and S ∩ T S˜ .
(a) If S ∩ T is not null, then S\T is neither a semiatom nor a null
set, and T\S is a null set.
(b) If S ∩ T is null, then S\T is a semiatom and for every A ∈
 ∩ S\T 
A S˜\T S\T ⇔ A S˜ S
Proof. (i) Let A ∈  ∩ S\T . It follows from Lemma 3.1(v) that
A S˜ S ⇔ S\T S˜ S and A S˜\T S\T
Therefore it is sufﬁcient to consider the case where A S˜ . Since S ∩
T S˜ S implies that S ∩ T is not null, it follows from Theorem 5.1 that
S ∩ T is a semiatom. Let E ∈ \S\T . If E ∩ S ∩ T  S˜∩T , then
µE ∪A=µE\S ∪A by E ∩ S ∩ T  S˜∩T 
=µE\S by A S˜ 
≤µE
≤µE ∪A
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On the other hand, if E ∩ S ∩ T  S˜∩T S ∩ T , then
µE ∪A ≥µE
=µE ∪ S ∩ T  by E ∩ S ∩ T  S˜∩T S ∩ T
=µE ∪ S by S ∩ T S˜ S
≥µE ∪A
Therefore A S˜\T .
(ii) The dual of (i).
(iii) Since S ∩ T S˜ S implies that S ∩ T is not null, it follows from
Theorem 5.1 that S ∩ T is a semiatom. Let E ∈ \S\T . If E ∩ S S˜∩T ,
then
µE ∪ S\T =µE ∩ S ∪ E\S ∪ S\T 
=µE\S ∪ S\T  by E ∩ S S˜∩T 
=µE\S by S\T S˜ 
≤µE
≤µE ∪ S\T 
On the other hand, if E ∩ S S˜∩T S ∩ T , then
µE=µE\S ∪ E ∩ S
=µE\S ∪ S ∩ T  by E ∩ S S˜∩T S ∩ T
=µE\S ∪ S by S ∩ T S˜ S
=µE ∪ S
≥µE ∪ S\T 
≥µE
Therefore S\T is a null set.
(iv) (a) Since S\T S˜ S, it follows that S\T is not null. Assume that
S\T is a semiatom. Then, since S\S\T  = S ∩ T S˜  and S ∩ S\T  =
S\T S˜ S, it follows from (iii) that S\S\T  = S ∩ T is null; this contra-
dicts the assumption that S ∩ T is not null, and therefore S\T is not a
semiatom. An application of Lemma 3.3(ii) to the assumptions S\T S˜ S
and S ∩ T S˜  yields that S ∩ T T˜ T and T\S T˜ , and therefore (iii)
implies that T\S is null.
(b) Since S ∩ T is a null set, S\T is essentially equal to S.
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7. TWO SEMIATOMS IN THREE CASES
In this section, we summarize the set operations between two semiatoms
S and T in the following cases:
1. T\S is null; we can regard T as a subset of S.
2. S ∩ T is null; we can regard S and T as disjoint.
3. T\S, S ∩ T , and S\T are non-null; S and T essentially intersect
each other.
7.1. The Case of Subset
Example 3.1 shows that there are cases where a non-trivial subset of a
semiatom is also a semiatom; a non-trivial subset A of S is a measurable
subset of S such that neither A nor S\A is null.
The proposition below follows immediately from Theorem 6.1, Theorem
5.1 (T = S ∩ T ), and Theorem 4.1 (S = S ∩ T  ∪ S\T ).
Proposition 7.1. Let S and T be semiatoms and T ⊂ S.
(i) If S\T S˜ S and T S˜ S, then S\T is a semiatom and
A T˜ T ⇔ A S˜ S ∀A ∈  ∩ T
A S˜\T S\T ⇔ A S˜ S ∀A ∈  ∩ S\T 
A S˜ S ⇔ A T˜ T or A\T S˜\T S\T ∀A ∈  ∩ S
(ii) If S\T S˜  and T S˜ , then S\T is a semiatom and
A T˜ T ⇔ A ∪ S\T  S˜ S ∀A ∈  ∩ T
A S˜\T S\T ⇔ A ∪ T S˜ S ∀A ∈  ∩ S\T 
A S˜ S ⇔ A T˜ T and A\T S˜\T S\T ∀A ∈  ∩ S
(iii) If S\T S˜  and T S˜ S, then S\T is a null set and
A T˜ T ⇔ A S˜ S ∀A ∈  ∩ T
(iv) If S\T S˜ S and T S˜ , then S\T is neither a semiatom nor a null
set.
In the case of (iv), where T S˜  and S\T S˜ S, since A S˜  and A ∪
S\T  S˜ S for every A ∈  ∩ T , the relation T˜ cannot be represented by
S˜ , T , or S\T .
By statement (iii) we obtain a necessary condition for a non-trivial subset
of a semiatom to be a semiatom.
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Corollary 7.1. Let S be a semiatom, let A be a measurable subset of S,
and let S\A be non-null. Then a necessary condition for A to be a semiatom
is that A S˜  or S\A S˜ S.
A sufﬁcient condition for a non-trivial subset of a semiatom to be a semi-
atom cannot be represented by A S˜ , A S˜ S, S\A S˜ , or S\A S˜ S.
Consider the following four cases:
(a) A S˜ S and S\A S˜ S,
(b) A S˜ S and S\A S˜ ,
(c) A S˜  and S\A S˜ S,
(d) A S˜  and S\A S˜ .
Then every case occurs, and in all cases except (b) the subset A can be a
semiatom and also a non-semiatom; since case (d) is the dual of (a), and
since the replacement of A in (b) with S\A yields (c), it is sufﬁcient to
consider cases (a) and (b):
(a) In Example 3.1(i), if S = 3 4	 and A = 3	, then A S˜ S,
S\A S˜ S, and A is a semiatom; if S = X and A = 1 3	, then A S˜ S,
S\A S˜ S, and A is not a semiatom.
(b) In Example 3.1(i), if S = 1 2 3	 and A = 2 3	, then A S˜ S,
S\A S˜ , A is not a semiatom, and S\A is a semiatom; in Example 3.1
(ii), if S = X and A = 3 4	, then A S˜ S, S\A S˜ , and neither A nor
S\A is a semiatom.
7.2. The Disjoint Case
The proposition below is essentially the same as Proposition 7.1(i) and
(ii); it is stronger than Proposition 4.1 in the case of n = 2 since the
proposition below implies that, if S ∪ T is a semiatom, then S S˜∪T T nec-
essarily holds.
Proposition 7.2. Let S and T be disjoint semiatoms. Then S ∪ T is a
semiatom if and only if S S˜∪T T S˜∪T S ∪ T or S S˜∪T T S˜∪T . Moreover,
if S S˜∪T T S˜∪T S ∪ T , then
A S˜ S ⇔ A S˜∪T S∪T ∀A∈∩S
A T˜ T ⇔ A S˜∪T S∪T ∀A∈∩T
A S˜∪T S∪T ⇔ A∩S S˜ S or A∩T T˜ T ∀A∈∩S∪T 
if S S˜∪T T S˜∪T , then
A S˜ S ⇔ A∪T S˜∪T S∪T ∀A∈∩S
A T˜ T ⇔ A∪S S˜∪T S∪T ∀A∈∩T
A S˜∪T S∪T ⇔ A∩S S˜ S and A∩T T˜ T ∀A∈∩S∪T 
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7.3. The Intersecting Case
The intersecting case occurs; that is, there exist semiatoms S and T such
that S\T , T\S, S ∩ T are non-null. For instance, S = 1 2 3	 and T =
1 2 4	 in Example 3.1(i). In addition, this example shows that Case (1)
in the following proposition occurs; Case (0) also occurs since it is the dual
of Case (1).
Proposition 7.3. Let S and T be semiatoms, and let S ∩ T , S\T , T\S be
non-null. Then S ∪ T , S ∩ T , S\T , T\S, ST are semiatoms, and one of the
following two cases occurs.
Case (0). S ∩T S˜ S\T S˜ , S ∩T T˜ T\S T˜ , S\T S˜T T\S S˜T
, and S S˜∪T S\T S˜∪T S ∩ T S˜∪T ST S˜∪T T\S S˜∪T T S˜∪T .
Case (1). S ∩ T S˜ S\T S˜ S, S ∩ T T˜ T\S T˜ T , S\T S˜T T\S S˜T
ST , and S S˜∪T S\T S˜∪T S ∩ T S˜∪T ST S˜∪T T\S S˜∪T T S˜∪T S ∪ T .
Moreover, in Case (0)
A
S˜∪T S ∪ T ⇔ A ∩ S S˜ S and A ∩ T T˜ T ∀A ∈  ∩ S ∪ T 
A
S˜∩T S ∩ T ⇔ A ∪ S\T  S˜ S ⇔ A ∪ T\S T˜ T ∀A ∈  ∩ S ∩ T 
A
S˜\T S\T ⇔ A ∪ S ∩ T  S˜ S ∀A ∈  ∩ S\T 
A
T˜\S T\S ⇔ A ∪ S ∩ T  T˜ T ∀A ∈  ∩ T\S
A
S˜T ST ⇔ A ∪ T  ∩ S S˜ S and A ∪ S ∩ T T˜ T ∀A ∈  ∩ ST 
in Case (1)
A S˜∪T S∪T ⇔ A∩S S˜ S or A∩T T˜ T ∀A∈∩S∪T 
A S˜∩T S∩T ⇔ A S˜ S ⇔ A T˜ T ∀A∈∩S∩T 
A S˜\T S\T ⇔ A S˜ S ∀A∈∩S\T 
A T˜\S T\S ⇔ A T˜ T ∀A∈∩T\S
A S˜T ST ⇔ A∩S S˜ S or A∩T T˜ T ∀A∈∩ST 
Proof. It follows from Lemma 3.3(ii) and Theorem 6.1(iii) that there
are only two cases. The rest follows from Theorem 4.1, Corollary 4.2,
Theorem 5.1, and Theorem 6.1; note that ST = S ∪ T \S ∩ T .
7.4. Symmetric Difference
We can summarize the consequences about the symmetric difference of
semiatoms in the three cases as follows:
Proposition 7.4. Let S and T be semiatoms and let ST be a non-null
set. Then ST is a semiatom if and only if, with respect to the outside of
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S ∪ T , all the non-null sets of S\T , T\S, and S ∩ T are equivalent to S ∪ T
or they are equivalent to . Moreover, if they are equivalent to S ∪ T , then for
every A ∈  ∩ ST 
A S˜T ST ⇐⇒ A ∩ S S˜ S or A ∩ T T˜ T 
if they are equivalent to , then for every A ∈  ∩ ST 
A S˜T ST ⇐⇒ A ∪ T  ∩ S S˜ S and A ∪ S ∩ T T˜ T
8. COUNTABLE OPERATIONS
In this section we discuss countable unions and countable intersections
of semiatoms; the continuity of µ is used.
Theorem 8.1. Let µ be continuous from below or above, and let Sn	 be
a sequence of semiatoms.
(i) If Sn ↑ S, then S is a semiatom. Moreover for every A ∈  ∩ S
A S˜ S ⇔ ∀n ∃m ≥ n A ∩ Sm S˜m Sm
⇔ ∃n ∀m ≥ n A ∩ Sm S˜m Sm
(ii) If Sn ↓ S, and if S is a non-null set, then S is a semiatom. Moreover
the following hold.
(a) If µ is continuous from below, then for every A ∈  ∩ S
A S˜ S ⇔ ∃n A S˜n Sn
(b) If µ is continuous from above, then for every A ∈  ∩ S
A S˜ S ⇔ ∀n A ∪ Sn\S S˜n Sn
Proof. By the duality principle it is sufﬁcient to consider the case where
µ is continuous from below.
(i) Let A ∈  ∩ S and E ∈ \S. If for every n there exists mn ≥ n
such that A ∩ Smn S˜mn Smn, then it follows that µA ∪ E = µA ∪
Smn ∪E ↑ µS ∪E. On the other hand, if for every n there exists mn ≥
n such that A ∩ Smn S˜mn , then it follows that µE = µE ∪ A ∩
Smn ↑ µE ∪A. Since S is not a null set, it is a semiatom and the two
cases above do not occur simultaneously.
(ii) Let A ∈  ∩ S. If there exists n such that A S˜n Sn, then
Lemma 3.1(v) implies that A S˜ S. On the other hand, if A S˜n  for
every n, then, for every E ∈ \S, since µE\Sn = µA ∪ E\Sn, and
since µE\Sn ↑ µE and µA ∪ E\Sn ↑ µA ∪ E, it follows that
µA ∪ E = µE. Therefore S is a semiatom and (a) holds. Statement (b)
is the dual of (a).
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The following example shows that the assumption of continuity cannot
be removed from the theorem above.
Example 8.1. Let X = 0 1 2   	 and  = 2X . Deﬁne for A ∈ 2X
µA =
{
1 if 1 ∈ A or Ac is a ﬁnite set and 0 ∈ A
0 otherwise
Then µ is not continuous from below or above. If
Sn = 1 2     n	 n = 1 2   
then each Sn is a semiatom, Sn ↑ X\0	, and X\0	 is not a semiatom. If
Tn = 0 1	 ∪ n n+ 1   	 n = 1 2   
then each Tn is a semiatom, Tn ↓ 0 1	, and 0 1	 is not a semiatom.
Corollary 8.1. Let µ be continuous from below or above, and let Sn	
be a sequence of semiatoms.
(i) If
⋃m−1
n=1 Si ∩ Sm is not null for m = 2 3    or
⋂∞
n=1 Sn is not null,
then
⋃∞
n=1 Sn is a semiatom.
(ii) If
⋂∞
n=1 Sn is not null, then
⋂∞
n=1 Sn is a semiatom.
(iii) If lim inf Sn is not null, then lim inf Sn and lim sup Sn are semi-
atoms.
Proof. (i) By Corollary 4.1 and Theorem 8.1(i).
(ii) By Corollary 5.1 and Theorem 8.1(ii).
(iii) Since lim inf Sn =
⋃∞
m=1
⋂∞
n=m Sn is not null, Proposition 2.1(v)
implies that there is M such that
⋂∞
n=M Sn is not null. It follows from (ii)
that
⋂∞
n=m Sn is a semiatom for every m ≥M , hence that 
⋂∞
n=m Sn	m≥M is
an increasing sequence of semiatoms, and therefore from Theorem 8.1(i)
that lim inf Sn is a semiatom. For every m ≥ M , since
⋂∞
n=m Sn is not null,
(i) implies that
⋃∞
n=m Sn is a semiatom. Hence 
⋃∞
n=m Sn	m≥M is a decreas-
ing sequence of semiatoms. Since lim inf Sn is non-null, so is lim sup Sn.
Therefore Theorem 8.1(ii) implies that lim sup Sn =
⋂∞
m=1
⋃∞
n=m Sn is a
semiatom.
The following is an extension of Proposition 4.1.
Proposition 8.1. Let µ be continuous from below or above, let Sn	∞n=1
be a sequence of semiatoms, and let S = ⋃∞n=1 Sn. Then for every A ∈  ∩ S
A S˜
⋃Si 
A ∩ Si S˜i Si	 S˜ S\⋃Si 
A ∩ Si S˜i 	
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Therefore,
S is a semiatom
⇔ ⋃
i∈I
Si S˜  or
⋃
i∈I
Si S˜ S ∀ I ⊂ 1 2   	
⇔
(
S\⋃
i∈I
Si
)
S˜  or
(
S\⋃
i∈I
Si
)
S˜ S ∀ I ⊂ 1 2   	
Proof. It is sufﬁcient to consider the case where µ is continuous from
below. It follows from Proposition 4.1 that for every m(
A ∩
m⋃
n=1
Sn
)
S˜
⋃Si 
A ∩ Si S˜i Si i ≤ m	
and hence from Lemma 3.2(i) that
A S˜
⋃Si 
A ∩ Si S˜i Si	 (8)
Let B = A\⋃Si 
A ∩ Si S˜i 	. Then, since by Lemma 3.1(ii) for every m
B S˜ B ∪
⋃A ∩ Si 
A ∩ Si S˜i  i ≤ m	
it follows from Lemma 3.2(i) that
B S˜ A (9)
Since
B ⊂ S\⋃Si 
A ∩ Si S˜i 	 ⊂⋃Si 
A ∩ Si S˜i Si	
an application of Lemma 3.1(i) to (8) and (9) yields that
A S˜ S\
⋃Si 
 A ∩ Si S˜i 	
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